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 Majority of MPC formulations assumes that the model is free from uncertainty. It 
means that formulation will always assumed to be in linear or linearized. However, 

model uncertainty will occur due to un-modelled dynamics. Actuator nonlinearity is 

one of them. Thus, MPC performance would degrade since these nonlinearities are not 
included in the MPC design formulation. Mixed Integer Quadratic Programming 

(MIQP) - based design Model Predictive Controller (MPC) was developed by Zabiri 

and Samyudia, 2006to help accommodate for actuator nonlinearity which are saturation 
and backlash. The framework of MIQP MPC is established by reformulating the 

constraints of inputs to skip the dead band region if exist. In this study, we investigate 

to determine the performance of MIQP MPC for compensating another type of actuator 
nonlinearity, which is the stiction of control valve, given that the dead band region of 

stiction is known in prior. MIQP MPC does show superior in performance in the aspect 

of stabilizing the process and reducing the oscillations compare to standard MPC. 
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INTRODUCTION 

 

The algorithms of MPC developed in 1980 was 

aimed to provide better dynamic control which then 

help to reduce the process variability and also to 

move the operating range closer to the constraints 

hence giving better yield. Currently, almost all model 

predictive controllers are based on these algorithms. 

In the controller design synthesis, actuators are 

assumed to work perfectly without any nonlinearity. 

But in real plant, this is not the case. Nonlinearities 

will come in different sources that can interrupt the 

MPC performance. One of the sources of 

uncertainties is nonlinearities originated from 

actuator dynamics such as backlash and static friction 

(stiction). They are regularly met in practice. It is 

important to compensate these nonlinearities, or else, 

they can cause the performance of MPC to 

deteriorate significantly. They also can cause 

oscillations that led to faster wear and tear of the 

control valves. According to Desborough and Miller, 

2002, control valve problems contribute 30% of the 

cause of oscillations in control loops. The urge for 

reducing nonlinearities such as stictionhas led to 

development of several compensators. Most of them 

used separate state feedback that addresses the 

stiction at each time step. One of the method used is 

called dithering as presented byHagglund, 2002. The 

basic idea of the method is to supply a pre-designed 

knocker pulse signal to the controller output in order 

to minimize the fluctuations of the process output. 

This compensator helps to remove stiction-induced 

oscillations from process variable, PV. As a result of 

this compensation, the valve’s stem moves faster and 

even wider than before. However, this dithering 

method is considered as short term solution for 

stiction compensation according to Mohammad and 

Huang, 2012.  There is another method used similar 

concept as dithering, but this method used a constant 

value of additive signal rather than pulse. This 

method is called constant reinforcement that is 

mentioned by Ivan and Lakshminarayanan, 2009. 

Another approach is called Two-move compensator 

introduced by Srinivasan and Rengaswamy, 2008. In 

this method, maintaining the valve at its steady state 

position corresponding to the setpoint is the focus. At 

least two moves are required from the valve stem 

with opposite directions to achieve this goal. Last but 

not least, among the famous compensation method is 

called Input-Output Linearization proposed by 

Kayihan and Doyle, 2000. Among all, there is one 

way that embedded the compensator in the MPC 

formulation. It is called Mixed-Integer Quadratic 

Programming (MIQP)-based MPC. It is a MPC-
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based compensator that exploits the discrete behavior 

of actuator dynamics to express it as a set of linear 

inequalities. This set of linear inequalities are then 

included as constraints in the MIQP MPC 

formulation. So that the actuator dynamics are 

accommodate at the design stage itself. This makes 

MIQP-based MPC superior compared to standard 

MPC. MIQP-based MPC has two key design 

parameters that needed to be supplied in order for it 

to work, i) dead band region value of nonlinearity, d, 

ii) activation time, tact, of MIQP MPC. 

 

Control Valve Nonlinearities: 

According to American National Standard 

Institute (ANSI), there are four types of control valve 

nonlinearities and they are backlash, hysteresis, dead 

band and dead zone. Backlash is usually caused by 

the gaps between parts inside the control valve and is 

defined in ANSI as “a relative movement between 

interacting mechanical parts, resulting from 

looseness, when the motion is reversed”. Whereas, 

hysteresis is “the property of the element evidenced 

by the dependence of the value of the output, for a 

given excursion of the input, upon the history of prior 

excursions and the direction of the current traverse.” 

In other words, hysteresis is the dependency of the 

system’s output on current and past inputs on time 

basis. It is because, the prediction of future outputs is 

influenced by previous state of the system. The third 

nonlinearities, the dead band is defined as “the range 

through which an input signal may be varied, upon 

reversal of direction, without initiating an observable 

change in output signal.” Last but not least, the 

occurrence of dead zone in a control valve movement 

is also considered as nonlinearity.  The definition of 

dead zone is, “a predetermined range of input 

through which the output remains unchanged, 

irrespective of the direction of change of the input 

signal”. It is almost similar to dead band but dead 

zone can be pre-calculated and does not related to the 

direction of input change.  

The presence of control valve nonlinearities, e.g. 

stiction, backlash and deadband, are major causes of 

oscillations in control loops. Among the most 

prevalent types of nonlinearities in control valves, 

stiction is the most common and one of the long-

standing problems in the process industry as 

mentioned by Choudhury et al., 2008. 

 

Comparison between Stiction and Backlash: 

Forces that present inside a control valve are the 

air pressure that comes from the air inlet, the elastic 

force that is provided by the spring and the frictional 

force between the stuffing box and the valve stem. 

Mathematically, the position of valve stem is 

determined by the balance between these three 

forces. Friction force that are not traversed can create 

dead band region in the valve stem movement and 

they can be classified into two main category: i) 

Static friction (stiction), ii) Dynamic friction 

(backlash) Stiction occurs during the static phase of 

the valve, means at the beginning of the valve 

movement. Whilst, dynamic friction occurs during 

the moving phase of the valve. The magnitude of 

stiction is larger than backlash and it is harder to 

overcome. Stiction is not a continuous problem as it 

happens at the beginning of valve movement, once it 

is overcame and the valve gets into moving phase, 

any stickiness occur after that is considered as 

dynamic friction or backlash. 

The latest definition of stiction is proposed by 

Choudhury et al., 2008, „„stiction is a property of an 

element such that its smooth movement in response 

to a varying input is preceded by a static part 

(deadband + stickband) followed by a sudden abrupt 

jump called „slip-jump‟. Slip-jump is expressed as a 

percentage of the output span. Its origin in a 

mechanical system is static friction, which exceeds 

the dynamic friction.‟‟. From the definition, stiction 

is characterised by two parameters namely stickband, 

S and jump band, j. On the other hand, backlash is 

only characterized by one parameter which is the 

deadband region. The controller output only needs to 

traverse the dead ban region for the valve to start 

moving. Essentially, stiction will behave similarly to 

backlash without the slip jump. 

 

Mixed-Integer Quadratic Programming (MIQP) –

based MPC: 

In this study, the performance of MIQP MPC to 

compensate for valve stiction is determined. Author 

adapted the MIQP MPC controller developed by 

Zabiri and Samyudia, 2004 for this investigation 

study. The MIQP MPC can be considered as the 

extended version of standard linear MPC 

formulation. The principle strategy of MIQP MPC is 

to integrate an approximate nonlinear backlash 

inverse model within the MPC scheme.So the first 

step is to get the backlash model and then derived the 

inverse model of that. The discrete characteristic of 

the actuator backlash allows the dynamics of it to be 

expressed mathematically as a set of if-then-else 

rules. Backlash at any time t, can either be negative 

or positive with respect to the axis of backlash. The d 

denotes the dead band region of backlash. Positive 

value happens when input to backlash, uI(t) is inside 

the backlash and positive. The distance from the 

input to positive boundary is called dp.  Negative 

value, dnis the distance from negative boundary 

touI(t)when it is inside the backlash and 

negative.Calculation for dpand dn is can be derived 

using the output from backlash, up(t) and backlash 

gain, mb and expressed as follows: 

 

𝑑𝑝 𝑡 =  
𝑢𝑝  𝑡 

𝑚𝑏
+  𝑑 − 𝑢𝐼(𝑡)                                 (1a) 

𝑑𝑛 𝑡 =  
𝑢𝑝  𝑡 

𝑚𝑏
+  (−𝑑) − 𝑢𝐼(𝑡)                          (1b) 
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 Using mbas the backlash gain, the mathematical 

model of backlash is expressedas follows: 

 

 𝑢𝑝 𝑡 = 

 

𝑚𝑏  𝑢𝐼 𝑡 − 𝑑 ∶   ∆𝑢𝐼 𝑡 > 𝑑𝑝(𝑡 − 1)

𝑚𝑏 𝑢𝐼 𝑡 − (−𝑑) ∶   ∆𝑢𝐼 𝑡 < 𝑑𝑛 𝑡 − 1 

𝑢𝑝 𝑡 − 1 ∶   𝑑𝑛(𝑡 − 1) ≤ ∆𝑢𝐼 𝑡 ≤ 𝑑𝑝(𝑡 − 1)

 (2) 

 

Next, the backlash inverse is derived from the 

backlash model. The idea is when uI(t) >uI(t-1),  uI(t) 

is set to jump by +d and jump by –d when uI(t) <uI(t-

1) and remains unchanged whenuI(t) = uI(t-1). 

Assuming a unity backlash gradient (mb = 1), the 

backlash inverse model can be defined as:  

 

𝑢𝐼 𝑡 =   

𝑢 𝑡 +  𝑑 ∶   𝑢(𝑡) > 𝑢(𝑡 − 1)

𝑢 𝑡 −  𝑑 ∶   𝑢 𝑡 < 𝑢(𝑡 − 1)

𝑢𝐼 𝑡 − 1  ∶   𝑢 𝑡 = 𝑢(𝑡 − 1)

               (3) 

 

Once the backlash inverse model is obtained, 

Zabiri and Samyudia, 2004, incorporates that into 

MPC scheme by reformulating the input constraints. 

A set of logical binary variables is imposed on input 

change condition to represent for positive change, 

negative change or zero change.   

 

𝛿𝑖 ,1 = 1 ↔  ∆𝑢𝑖 𝑘 ≥  𝑑𝑖  

𝛿𝑖 ,2 = 1 ↔  ∆𝑢𝑖 𝑘 ≤  −𝑑𝑖  

 𝛿𝑖 ,3 = 1 ↔  ∆𝑢𝑖 𝑘 = 0 

 

The notation for the imposed logical variables is 

 𝛿𝑖𝑗 = 13
𝑗=1  where j represents the input change 

condition and i represents the number of manipulated 

variable of i= 1,2,…,m. By adopting the framework 

by Bemporad and Morari, 1999, the newly imposed 

logical constraints of (4) can be transformed into a 

set of mixed-integer linear inequalities. Mixed-

integer refers to linear inequalities that contain 

continuous variable u(t) and logical variables, 𝛿𝑖𝑗  that 

has a subset of 0 and 1. The 0 and 1 represents the 

state of current condition (i.e 0 means absence and 1 

means presence). Now, apart from normal constraints 

of standard MPC, MIQP MPC is now also imposed 

with set of new additional constraints to 

accommodate for backlash. The cost function for 

optimization is still the same the except that it is 

subjected to a new set of constraints. The objective 

function for MIQP MPCfollows the general objective 

function for most MPC and is defined as:

  

 

 𝐽0 =    ŷ 𝑘 + 𝑖 𝑘 −   𝑟(𝑘 + 𝑖|𝑘)  
2
𝑆(𝑖)

𝑃−1
𝑘=0 +   ∆û(𝑘 + 𝑖| 𝑘)  

2
𝑅(𝑖)

𝑀−1
𝑘=0         (5) 

 

Assuming that the output is unconstrained, the 

final constraints for MIQP MPC design is 

expressedin Equation (6). Since the objective 

function is quadratic and the constraints are in 

continuous logical, it must be solved using Mixed-

Integer Quadratic Programming (MIQP) and thus fall 

onto MIQP-based MPC category. 

 
𝑢𝑖 ,𝑚𝑖𝑛  ≤  𝑢𝑖 𝑘 ≤  𝑢𝑖 ,𝑚𝑎𝑥  

∆𝑢𝑖 𝑘 − 𝑑𝑖  ≥  𝑢 𝑖𝑚𝑖𝑛 − 𝑑𝑖   (1 − 𝛿𝑖 ,1)  

∆𝑢𝑖 𝑘 − 𝑑𝑖  ≤  𝑢 𝑖𝑚𝑎𝑥 − 𝑑𝑖  𝛿𝑖 ,1 

∆𝑢𝑖 𝑘 + 𝑑𝑖  ≥  𝑢 𝑖𝑚𝑖𝑛 + 𝑑𝑖   𝛿𝑖 ,2                            (6)             

∆𝑢𝑖 𝑘 + 𝑑𝑖  ≤  𝑢 𝑖𝑚𝑎𝑥 + 𝑑𝑖  (1 − 𝛿𝑖 ,2) 

∆𝑢𝑖 𝑘 ≥ 𝑢 𝑖 ,𝑚𝑖𝑛 (1 − 𝛿𝑖 ,3) 

∆𝑢𝑖 𝑘 ≤  𝑢 𝑖 ,𝑚𝑎𝑥 (1 − 𝛿𝑖 ,3) 

 

Methodology: 

In this study, authors are investigating the 

performance of MIQP MPC to compensate for 

stiction given that the dead band of the stiction is 

known in prior. The idea is that without the presence 

of jump band, j, (or negligible) stiction will 

essentially behaves like backlash. MIQP MPC is 

tested with four types of stictions that are 

characterized by their value of dead band, S and 

jump band, j namely undershootstiction(S>j), 

overshoot (S<j)stiction, no offset stiction(S=j) and 

pure dead band stiction(j=0).The model used for case 

study is Wood and Berry Distillation Column model 

that consists of four transfer functions relating two 

inputs (Reflux and Steam flow rate) and two outputs 

(Distillate and Bottom Composition). The 

performance is tested by setpoint change on 

percentage of bottom composition (Xb) and the 

stiction is introduced at the first input which is the 

Reflux flow rate (R). MIQP MPC will try to reach 

the setpoint by adjusting two manipulating variables, 

change in reflux flow rate (R) and change in steam 

flow rate (S). For all cases, the setpoint is set to 1% 

change in bottom composition. In simulations, the 

variables are implemented in deviation terms for both 

MVs and CV. The initial steady-state value is set to 

be zero so the movement of both input and output is 

either positive or negative with respect to zero. The 

weighting matrices for inputs, [uwt1 uwt2] is set to 

be [10 10] which shows that the inputs move are 

penalized heavily so that it will not go out of control. 

While, smaller weight of [ywt1 ywt2] = [1 1] is 

assigned to the outputs. The reference trajectory used 

by MIQP MPC controller is taken from the step 

response of Wood and Berry transfer functions. The 

control horizon, M and prediction horizon P is set to 

be 5 and 35 respectively.  

The determination of M and P is based on quick 

rule adopted from Seborg et al., 2004that states 5 ≤ 

M ≤ 20 and P = M + N where N is usually the 

settling time of open loop response over the sampling 

time. Whereby, the sampling time is 2 minutes. The 

(4a) 

(4b) 

(4c) 
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sampling time is estimated to be one-fifth of the 

fastest settling time of the four transfer functions. In 

all cases, the control horizon needs to be smaller than 

the prediction horizon. The gap between them can 

differs according to process type. Slower process 

needs larger gap as it takes longer time to response, 

while it is opposite for faster process. The judging 

criteria of the performance are on the ability of 

MIQP MPC to reduce the oscillation and stabilize 

both inputs and outputs. For each result, the graphs 

of MIQP MPC are plotted together with standard 

MPC to emphasize the improvements. For the sake 

of simplicity, only the plots of bottom composition 

will be emphasized during results and discussions. 

Mean Squared Error (MSE) value is also included to 

verify visual inspections. The lesser the MSE value, 

the better. 

 

RESULTS AND DISCUSSIONS 

 

For performance analysis with the stiction, it is 

assumed that stiction size and location are known in 

prior. As for stiction location it was introduced at the 

reflux flow rate(R)and setpoint change is applied to 

Xb only. The stiction size is represented with S and j 

value. The mutual tuning parameters for normal 

MPC and MIQP MPC such as the weighting 

matrices, control horizon, prediction horizon and 

sampling time for stiction analysis are set to be the 

same for both. But, MIQP MPC is supplied with two 

additional parameters since its design allows it to 

compensate for dead band region, which is not 

allowed in the normal MPC controllers. The first 

additional parameter is the estimation of dead band 

region value, d. In stiction, dvalue refers to S value 

that represents the sums of dead band and stick band. 

Second additional parameter is the pre-selected 

activation time (tact) of the stiction. That tactis set to 

be equal to P. During the absence of stiction, MIQP 

MPC works the same as normal MPC whilst in the 

presence of stiction, the MIQP MPC will work in 

following manner:  

1. At initial state of MIQP optimization, d is 

set to 0.  

2. MIQP is solved. (In this state, it performs 

the same as standard MPC as the logical variables to 

detect dead band region are not active) 

3. At t = tact, MIQP optimization is supplied 

with d = S. 

4. MIQP is solved by assuming the dead band 

is now active with the value of S. 

Table 1 summarizes the stiction types, stiction 

size supplied to the process, and the stiction size 

supplied to MIQP MPC controller. Note that since 

MIQP-MPC only caters for dead band region only, it 

is only supplied with the S value of the stiction. (S 

value will become the dead band region to be 

traversed by MIQP MPC). While for the process, 

both value are supplied to give the complete stiction 

effect. 

 

 
Table 1: Justification of stiction parameters 

 
Pure dead band 

Under 

shoot 
No offset 

Over 

shoot 

s j s j s j s j 

To process 0.5 0 0.5 0.3 0.5 0.5 0.3 0.5 

To MIQP MPC  0.5 - 0.5 - 0.5 - 0.3 - 

  

Figure 1 shows the output plot comparison for 

undershoot stiction. From the comparison plot, it is 

observed MIQP has reached the steady state value of 

0.7 (very close to setpoint) while the normal MPC 

output was still oscillating. In addition, MIQP MPC 

also has reduced the oscillations. MSE value verifies 

this visual inspection, with values of 29 for normal 

MPC and 26 for MIQP MPC. For the overshoot 

stiction case also, as shown in Figure 2, the MIQP 

MPC shows better performance by reaching the 

setpoint (settled at 0.66) faster and reduce the 

oscillations. The MSE value for MIQP and normal 

MPC is 26 and 29 respectively. Figure 3 shows that 

output comparison for no offset stiction. The MSE 

value for normal MPC is 27 and after MIQP 

implementation, MSE value reduces to 24. For Pure 

dead band stiction case as shown in Figure 4, it 

occurs when only S value is present and j is equal to 

zero. So to compensate this, only dead band region 

has to be traversed. MIQP MPC shows the best 

performance of compensating with reaching the 

steady state of 0.77 (closest to setpoint) at 

approximate 120
th

minutes while the normal MPC is 

still oscillating.  From the comparison plots, MIQP 

MPC is proved to be able to compensate for stiction 

given that the dead band region of stiction is known 

in prior. MIQP MPC has shown superior 

performance in compensating stiction on all four 

types. Although not shown in this section, for all 

cases of stiction, MIQP MPC has successfully 

stabilized the inputs move and it is done faster 

compare to standard MPC. Although there is slight 

higher jump in MIQP MPC movement, it is tolerable 

because the focus is on the stabilization of inputs and 

outputs. With the implementation of MIQP MPC, the 

oscillations are significantly reduced which can be 

considered as stiction compensation. 
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Fig. 1: Comparison plot for Undershoot Stiction 

 

 
 

Fig. 2: Comparison plot for Overshoot Stiction 

 

 
 

Fig. 3: Comparison plot for No Offset Stiction 
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Fig. 4: Comparison plot For Pure dead band Stiction 

 

The further analysis shows the performance if 

stiction size is increased. This increase in stiction 

size analysis is done for undershoot stiction and 

overshoot stiction only. These two cases will be 

referred as Large Undershoot and Large Overshoot. 

Table 2 justifies the increment in the stiction size 

value. For large undershoot case, MIQP MPC is still 

able to maintain the superior performance. It was 

able to bring the process to setpoint (settled at 0.8) 

faster than the normal MPC. Oscillations are also 

reduced. However, for large overshoot case, MIQP 

MPC cannot bring the process to setpoint. One 

reasonable cause is that, in this situation the jump 

band has become very big and can no longer be 

neglected. Despite that, MIQP MPC does contribute 

a lot by reducing the oscillations. The comparison of 

simulation result plots for both cases are shown in 

Figure 5 and Figure 6 respectively. 

 
Table 2: Justification of increment in stiction size     

 
Undershoot Overshoot 

s j s j 

To process 2 0.6 2 3.5 

To MIQP MPC controller 2 - 2 - 

 

 
Fig. 5: Comparison plot for Large Undershoot Stiction 

 

 
Fig. 6: Comparison plot for Large Overshoot Stiction 



84                                                                B. Kamaruddin and  H.Zabiri, 2015 

Australian Journal of Basic and Applied Sciences, 9(32) Special 2015, Pages: 78-84 

 
Conclusion: 

In this study we have shown that MIQP-based 

MPC is capable to compensate for the stiction effect 

provided that the dead band value is known in prior 

and the activation time of MIQP-based MPC is set to 

be equal to prediction horizon. However the 

performance deteriorate when the stiction size is 

increased as observed in Large Overshoot Stiction 

case. One of the reasonable cause is that the jump 

band, jvalue is no longer negligible. As the 

recommendation, adding another constraints to 

accommodate for jump band can help to overcome 

this problem. Another possible solution is to replace 

the backlash inverse model with stiction inverse 

model. Nevertheless, this investigation provides 

useful data for further development of this MPC-

based compensator.  
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